Abstract
and Hol * d are of interest both from a classical and modern point of view ( [1] , [3] , [5] ), and they can be easily identified with the following spaces of rational functions. Theorem 1.1 (S. Epshtein, G. Segal; [6] , [17] ).
Let d ≥ 1 be an integer. (ii) If d = 2, there are homotopy equivalences
We identify Hol 1 = PSL 2 (C) and define the left action of Hol 1 on Hol d by post-composition: 
Finite Toeplitz matrices appear in many areas of mathematics ranging from applied mathematics and mathematical physics, through algebraic geometry (e.g. [2] , [13] ). So it seems interesting to study the topology of the space F d,0 and in this paper we shall study the topology of the orbit space X d . Since X d is not simply connected, we shall also study the universal covering spaceX d of X d . The main purpose of this paper is to prove the following two results:
It follows from the above two results that we also have:
Remark. The above corollary was first obtained by the analysis of the evaluation fibration in [20] . On the other hand, in this paper, we shall study the Hol 1 -action on Hol d and prove the above two theorems. Then Corollary 1.1 easily follows from them and so it seems easier and natural to study the topology of Hol d from the point of view of group actions.
The plan of this paper is as follows. In Section 2, we shall study the Hol 1 action on Hol d and give the proof of Theorem 1.4. In Section 3, we shall prove Theorem 1.5.
§2. Group Actions and Their Orbit Spaces
First recall the following result.
Lemma 2.1 ([7]).
Let d ≥ 1 be an integer. ( 
where three vertical maps are isomorphisms, and ρ : Z/2d → Z/d and i : Z/2 → Z/2d denote the natural epimorphism and the natural inclusion homomorphism, respectively.
Proof. We note ( [12] , (3.4)) that π 1 (Hol *
We also remark that π 1 (Hol k ) = Z/2k by Theorem 1.1. Hence, if we consider the homotopy exact sequence of the fibration ( * ) d , the assertion easily follows.
Proposition 2.1.
For each integer d ≥ 1, there is a fibration sequence (up to homotopy), 
B(Z/2)

Bi
− −−− → B(Z/2d)
Bρ
− −−− → B(Z/d)
where all vertical and horizontal sequences are fibration sequences.
Because 
where all vertical and horizontal sequences are fibration sequences and q : S 3 → SO 3 Hol 1 denotes the universal covering projection. So we obtain the desired fibration sequence (2.1.1).
Definition 2.1.
There is a fibration sequence Hol * d
Lemma 2.3.
The following two diagrams are homotopy commutative:
where ρ : Z/2d → S 1 and ι :
homomorphism and the map which represents the generator of π 2 (K(Z, 2)) = Z, respectively.
Proof. (i) Without loss of generalities, we may suupose that the map
it is easy to see that the diagram (i) is commutative.
(ii) It suffices to show that two induced homomorphisms
coincide. Remark that ι * is an isomorphism and that (Bρ ) * can be identified with the natural projection homomorphism π : Z → Z/2d. Next, consider the Serre spectral sequence of the evaluation fibration:
Since
= Z is identified with the 2d-times multiplication. Hence E
and we obtain 
where η 2 ∈ π 3 (S 2 ) = Z · η 2 denotes the Hopf map. Then it follows from Lemma 2.3 that there is a homotopy commutative diagram
where two horizontal sequences are fibration sequences.
Then by using the diagram (2.1.2) and Lemma 2.3, we have
On the other hand, because Hol * 1
isomorphism. Hence, ev 1 • q = ±η 2 and we also obtain
where we denote by ι n ∈ π n (S n ) = Z · ι n the homotopy class of identity map of S n .
Now we recall the isomorphism (η 2 ) * :
Then it follows from (2.1.3) that we have the equality
Consider the fibration sequence (2. 
